We consider the nonnegative inverse eigenvalue problem with partial eigendata, which aims to find a nonnegative matrix such that it is nearest to a pre-estimated nonnegative matrix and satisfies the prescribed eigendata. In this paper, we propose several iterative schemes based on the alternating direction method of multipliers for solving the nonnegative inverse problem. We also extend our schemes to the symmetric case and the cases of prescribed lower bounds and of prescribed entries. Numerical tests (including a practical engineering application in vibrations) show the efficiency of the proposed iterative schemes.
Introduction
An n-by-n matrix C ≥ 0 (C > 0, respectively) is called nonnegative (positive, respectively) if all its entries are greater than or equal to zero (greater than zero, respectively). Nonnegative matrices arises in various applications including game theory, Markov chain, probabilistic algorithms, numerical analysis, discrete distributions, categorical data, group theory, matrix scaling, and economics, etc. For the applications and mathematical properties of nonnegative matrices, one may refer to [2, 3, 23, 27] and references therein.
The nonnegative inverse eigenvalue problem aims to reconstruct a nonnegative matrix from its spectrum or partial eigendata. The nonnegative inverse eigenvalue problem has got much attention since 1940s (see for instance [10, 13] and references therein) and many authors considered its solvability based on the complete set of eigenvalues. Recently, a few numerical algorithms were developed for computational purpose, including the isospectral flow method [5, 7, 8, 11] , the alternating projection method [25] , and the nonsmooth Newton-type method [1] . In particular, the isospectral flow method in [5] was extended to the case of prescribed structures and the nonsmooth Newton-type method in [1] was extended to the cases of lower bounds and of prescribed entries.
In this paper, we consider the following nonnegative inverse eigenvalue problem (NIEP): Given a predetermined n-by-n nonnegative matrix C o and a self-conjugate set of partial measured eigendata {(λ j , x j )} p j=1 with λ j ∈ C, x j ∈ C n , and p n, find an n-by-n nonnegative matrix C such that it is nearest to a pre-estimated n-by-n nonnegative matrix C o in the Frobenius norm and has {(λ j , x j )} p j=1 as its eigenpairs. In many applications, the entries of a nonnegative matrix stand for the physical parameters such as mass, length, elasticity, inductance, capacitance, and etc (see for instance [14, 17] ). In practice, a predetermined nonnegative matrix C o can be obtained from the real structure. However, the predicted dynamical behaviors by C o , i.e., the eigenvalues and eigenvectors of C o , often disagree with the experimentally measured data [14] . The nonnegative inverse problem aims to reconstruct a nonnegative matrix C from the measured eigendata.
We note that the NIEP is to find a solution of the following minimization problem. 
where · denotes the Euclidean vector norm or the Frobenius matrix norm and (Λ, X) ∈ R p×p × R n×p is the real matrix form of the prescribed self-conjugate eigendata {(λ j , x j )} p j=1 as in [1] . For simplicity, we refer to the minimization problem (1) as the NIEP.
It is obvious that the NIEP is a convex quadratic programming problem, which can be solved by typical quadratic programming solvers based on interior point method (see for instance [24, 29] ). However, in practice, the problem size n is very large (say, n ≥ 1000). Moreover, the number of equation constraints is also very large even when p is very small (say, if p = 30 but n ≥ 1000, then np ≥ 30000 or if p = 200 but n ≥ 1000, then np ≥ 200000). In this case, Newton-like or interior point algorithms are not so efficient for solving the NIEP since, in each iteration, solving a large-scale Newton equation whose dimensionality is proportional to np is inevitable.
In this paper, we propose several iterative schemes based on the alternating direction method of multipliers (ADMM) for solving the NIEP. This is motivated by the ADMM-based methods for variational problems [15, 16, 30] and semidefinite programming [19] . In particular, we present the original ADMM [16, 18] , an ADMM-based descent method [30] , and an relaxed ADMM [4] for the NIEP. The main advantages of ADMM-based methods for the NIEP lie in that: Unlike Newton-like or interior point algorithms, the proposed ADMM-based methods reduce the problem complexity in the sense that no system of linear equations is necessary to solve; The included subproblems are easy to solve: A subproblem has a closed-form solution. The other subproblem is a standard equality-constrained quadratic programming but its solution is explicitly expressed based on the Moore-Penrose inverse of the matrix X of the measured eigenvectors, which can be computed with lower computation cost under a certain assumption on the eigendata. We also extend these ADMM-based schemes to the symmetric case and the cases of prescribed lower bounds and of prescribed entries. Finally, we report some numerical tests (including a practical engineering application in vibrations) to illustrate the efficiency of our methods.
Throughout the paper, we use the following notations. The symbols A T ,A H , and A † denote the transpose and the conjugate transpose, and the Moore-Penrose inverse of a matrix A, respectively. I is the identity matrix of appropriate dimension. Denote by · max the entry of largest absolute value of a matrix. Let R n×n and SR n×n be the set of all real matrices of order n and the set of all real symmetric matrices of order n, respectively. Let R n×n + and SR n×n + stand for the nonnegative orthants of R n×n and SR n×n , respectively. Denote by Π D {·} the metric projection onto D ⊆ R n×n (or SR n×n ). The remainder of the paper is organized as follows. In section 2 we present ADMM-based methods for solving the NIEP. In section 3 we discuss some extensions. In section 4 we report some numerical results to demonstrate the efficiency of the proposed methods.
Alternating direction method of multipliers
In this section, we present some ADMM-based Methods for solving the NIEP.
Reformulation
In this subsection, we give ADMM-oriented reformulation of the NIEP. Let R n×n (SR n×n , respectively) be equipped with the inner product A 1 , A 2 = tr(A T 1 A 2 ) for any A 1 , A 2 ∈ R n×n (SR n×n , respectively) and its induced norm · , where "tr" means the trace of a matrix. Then the NIEP (1) can be reformulated as the following problem:
where K := {Y ∈ R n×n : Y X = XΛ}. We note that Problem (2) is a convex minimization problem. Therefore, (C * , Y * ) is a solution to Problem (2) if and only if there exists a point Z * ∈ R n×n such that the following variational inequalities hold [24] 
In the following, we propose ADMM-based methods for solving Problem (2) . The augmented Lagrangian function of Problem (2) is given by
where β > 0 is a penalty parameter and Z ∈ R n×n is the Lagrangian multiplier. By using the classical alternating Lagrangian method (e.g., [21, 26] ) to Problem (2), we have the following iterative scheme:
where (C k , Y k , Z k ) is the current iterate. We observe that the objective function of Problem (2) can be separated into two individual convex functions without crossed variables. As in [19] , by splitting the minimizing problem in (4) into two smaller subproblems, we obtain the following ADMM:
Subproblems
We note that the iterate (C k+1 , Y k+1 , Z k+1 ) generated by (5) satisfies the following variational inequalities and equation:
Moreover, we can easily check that the solutions of the two variational inequalities in (6) have the following expressions.
It is easy to know that for any W ∈ R n×n , Π R n×n + {W } = (max(W ij , 0)). We also see that for any W ∈ R n×n , Π K {W } is the unique solution of the following quadratic optimization problem.
One may solve Problem (8) by using existing approaches for quadratic programming (see for instance [22, 24] ). Here, we give an explicit solution to Problem (8) . To do so, we need the following preliminary lemma.
where δ ∈ (0, 2) and
Finally, motivated by the recent work of Cai, Gu, He, and Yuan [4] for separable convex programming, we present the following relaxed (accelerated) ADMM (RADMM):
where γ ∈ (0, 2) is a relaxation parameter. Compared to the original ADMM (10), the additional computation of the RADMM (13) is just two simple linear combinations of matrices. Hence, the computational cost of this additional step is negligible but the additional step can accelerate the original ADMM numerically [4] . From the latter numerical tests, we can observe the effectiveness of the RADMM over the ADMM for solving the NIEP.
One may refer to [15, 20] for the convergence of the original ADMM (10), [19] for the convergence of the MADMM (11)- (12) , and [4] for the convergence of the RADMM (13) .
Before ending this section, we provide a possible stopping criterion for the ADMM (10), the MADMM (11)- (12) and the RADMM (13) . By (6), we can easily check that the iterates C k , Y k , and Z k generated by (5) satisfy the following variational inequalities.
It follows from (3) and (14) 
Hence, the stopping rule for the proposed ADMM-based schemes can be set to be
where > 0 is a prescribed tolerance.
Extensions
In this section, we extend the proposed ADMM-based methods to the symmetric case and the cases of lower bounds and of prescribed entries.
Symmetric nonnegative inverse eigenvalue problems with partial eigendata
The symmetric nonnegative inverse problem with partial eigendata can be stated as follows. SNIEP. Given a predetermined nonnegative matrix C o ∈ SR n×n + and a set of partial measured eigendata {(λ j , x j )} p j=1 with λ j ∈ R, x j ∈ R n , and p n, find a nonnegative matrix C ∈ SR n×n + such that it is nearest to C o in the Frobenius norm and has {(λ j , x j )} p j=1 as its eigenpairs. Let Λ = diag(λ 1 , . . . , λ p ) ∈ R p×p and X = [x 1 , . . . , x p ] ∈ R n×p . Then the SNIEP amounts to the solution of the following minimization problem.
which can be rewritten as the following form:
where K s := {Y ∈ SR n×n : Y X = XΛ}. We now focus on Problem (16) . The augmented Lagrangian function of Problem (16) is given by
where β > 0 is a penalty parameter and Z ∈ SR n×n is the Lagrangian multiplier. Hence, we get the following ADMM: (17) where (C k , Y k , Z k ) is the current iterate. It is easy to verify that the solutions of the two minimization problems in (17) have the following formulas.
Here, for any W ∈ SR n×n , Π SR n×n + {W } = (max(W ij , 0)). For any W ∈ SR n×n , Π Ks {W } is the unique solution to the following quadratic optimization problem:
This is a classical quadratic programming, which can be solved by existing approaches for quadratic programming (see for instance [22, 24] ). Now, we discuss how to solve Problem (18) directly. We first need the following preliminary lemma.
Then L s = ∅ if and only if A 1 , A 2 satisfy
Based on Lemma 3.1, we can find the explicit solution of Problem (18). 
where F ∈ SR n×n is arbitrary. Moreover, the unique solution of Problem (18) is given by
Remark 3.3 As a matrix form of the measured eigenvectors {x j } p j=1 , X can be assumed to be full column rank. Then we have X † = (X T X) −1 X T and X † X = I. From Proposition 3.2, it follows that the set K is nonempty if and only if (XΛX † ) T = XΛX † , which should hold in practice since (X, Λ) are the measured eigendata of a symmetric nonnegative matrix. In this case, the unique solution of Problem (18) is given by (19) , where X † = (X T X) −1 X T can be calculated with lower computation cost.
Let C k , Y k , and Z k denote the iterates generated by solving (17) . As in Section 2, for Problem (16), we propose the ADMM:
the MADMM:
and the RADMM:
where γ ∈ (0, 2) is a relaxation parameter. The convergence of the above ADMM-based schemes can be established similarly as in [4, 15, 19, 20] .
The case of lower bounds

The nonsymmetric case
In many applications, each entry of C is required to be equal to or greater than a nonnegative number. For given C o ∈ R n×n + , the NIEP with lower bounds is to find a solution to the following minimization problem. min
where C ∈ R n×n + is a prescribed matrix and C ≥ C means that C − C ≥ 0. By renaming C := C − C and
An equivalent form of Problem (25) is given by
where
We note that if (C, Y ) is a solution to Problem (26) , then the solution of Problem (24) is given by C * = C + C.
In the following, we provide some ADMM-based schemes for solving Problem (26) . The augmented Lagrangian function of Problem (26) is given by
where β > 0 is a penalty parameter and Z ∈ R n×n is the Lagrangian multiplier. Then we get the following ADMM:
where (C k , Y k , Z k ) is the current iterate. By simple calculation, the solutions of the two minimization problems in (27) have the following forms.
where for any W ∈ R n×n , Π K C {W } can be expressed explicitly by using Lemma 2.1, which can be computed with lower computation cost under the assumption that X is full column rank (see Proposition 2.2 and Remark 2.3).
Denote by C k , Y k , and Z k the iterates generated by solving (27) . As in Section 2, for Problem (26), we propose the following ADMM:
where γ ∈ (0, 2) is a relaxation parameter. The convergence of the above ADMM-based schemes can be found in [4, 15, 19, 20] .
The symmetric case
For given C o ∈ SR n×n + , the SNIEP with lower bounds aims to find a matrix C ∈ SR n×n + such that it solves the following minimization problem.
where C ∈ SR n×n + is a prescribed matrix. By renaming C := C − C and C o := C o − C, Problem (32) turns into min
which can be reformulated as the following quadratic programming:
We see that if (C, Y ) is a solution to Problem (33), then the solution to Problem (32) is given by C * = C + C.
Next, we give several ADMM-based schemes for solving Problem (33). The augmented Lagrangian function of Problem (33) is given by
where β > 0 is a penalty parameter and Z ∈ SR n×n is the Lagrangian multiplier. Then we obtain the following ADMM:
It is easy to show that the solutions of the two minimization problems in (34) have the following closed forms.
where for any W ∈ SR n×n , Π K s C {W } can be calculated withe lower computation cost using Lemma 3.1 under the assumption that X is full column rank (see Proposition 3.2 and Remark 3.3).
Let C k , Y k , and Z k stand for the iterates generated by solving (34). As in Section 2, for Problem (33), we propose the ADMM:
where γ ∈ (0, 2) is a relaxation parameter. The convergence of the above ADMM-based schemes can be deduced as in [4, 15, 19, 20] .
3.3 The case of prescribed entries
The nonsymmetric case
In many applications, some entries of the nonnegative matrix C should be fixed (e.g., the symmetric tridiagonal oscillatory matrix in vibrations [17] ). As in [1, 5] , we consider the NIEP with prescribed entries: Given C o ∈ R n×n + , find a matrix C ∈ R n×n + such that it solves the following minimization problem. min
where I is a prescribed index set such that I ⊆ N := {(i, j) | i, j = 1, . . . , n}. We know that Problem (39) can be changed into the following form:
where C := {C ∈ R n×n + : C ij = (C o ) ij ∀(i, j) ∈ I} and K is defined as in (2). We now develop some ADMM-based schemes for solving Problem (40). The augmented Lagrangian function of Problem (40) is given by
where β > 0 is a penalty parameter and Z ∈ R n×n is the Lagrangian multiplier. Therefore, we
give the following ADMM for solving Problem (40).
where (C k , Y k , Z k ) is the current iterate. We can deduce that the solutions of the two minimization problems in (41) are given by
where for any W ∈ R n×n , Π C {W } is given by
By Proposition 2.2 and Remark 2.3, we know that, for any W ∈ R n×n , Π K {W } can be computed with lower computation cost under the assumption that X is full column rank. Let C k , Y k , and Z k be the iterates generated by solving (41). As in Section 2, for Problem (40), we give the following ADMM:
where γ ∈ (0, 2) is a relaxation parameter.
For the convergence of the above ADMM-based schemes, we can refer to [4, 15, 19, 20] .
The symmetric case
Let C o ∈ SR n×n + . The SNIEP with prescribed entries is to find a solution of the following minimization problem. min
where I s is a prescribed index set such that I s ⊆ N := {(i, j) | i, j = 1, . . . , n} and if (i, j) ∈ I s then (j, i) ∈ I s . We can rewrite Problem (46) as the following minimization problem.
where C s := {C ∈ SR n×n + : C ij = (C o ) ij ∀(i, j) ∈ I s } and K s is defined as in (16) . We now present several ADMM-based schemes for solving Problem (47). The augmented Lagrangian function of Problem (47) is given by
where β > 0 is a penalty parameter and Z ∈ SR n×n is the Lagrangian multiplier. Then we have the following ADMM:
where (C k , Y k , Z k ) is the current iterate. It is easy to check that the solutions of the two minimization problems in (48) have the closed forms:
where for any W ∈ SR n×n , Π C {W } is given by
By Proposition 3.2 and Remark 3.3, for any W ∈ SR n×n , Π K {W } can be computed efficiently under the assumption that X is full column rank.
Let C k , Y k , and Z k denote the iterates generated by solving (48). As in Section 2, for Problem (47), we provide the following ADMM:
where γ ∈ (0, 2) is a relaxation parameter. The convergence of the above ADMM-based schemes can be derived as in [4, 15, 19, 20] .
Numerical tests
In this section, we report the numerical performances of the proposed ADMM-based iterative schemes for solving the NIEP. All the numerical tests were done using MATLAB 7.10 on a personal computer Intel(R) Core(TM)2 Duo of 2.50 GHz CPU. In our numerical experiments, we choose the initial guess C 0 = Y 0 = C o and Z 0 = 0 for all the ADMM-based iterative schemes. For the NIEP, the stopping criterion is set to be
For the SNIEP, the stopping criterion is set to be
For the NIEP with prescribed entries, the stopping criterion is set to be
For the SNIEP with prescribed entries, the stopping criterion is set to be
where > 0 is a given tolerance.
The small-scale problem
In this section, we report some numerical tests for the small-scale NIEP. For demonstration purpose, we set = 1.0 × 10 −7 for Examples 4.1-4.3 below.
Example 4.1 We consider the NIEP with n = 6. We first randomly generate an n-by-n nonnegative matrix C as follows: 
Then we set 
We use the three eigenvalues {6.6929, −0.7795 ± 0.7092i} of C and associated eigenvectors as prescribed eigendata, where i := √ −1.
By applying the ADMM (10), the MADMM (11)- (12), and the RADMM (13) with β = 1 and δ = γ = 1.9 to Example 4.1, we get the following physical solution: 
The numerical results are shown in Table 1 , where IT. and Err. stand for the numbers of iterations and the residual C k X − XΛ at the final iterate of our algorithms, respectively. 
We use the three largest eigenvalues {6.5825, 1.7633, 1.0568} of C and associated eigenvectors as prescribed eigendata.
By using the ADMM (20) , the MADMM (21)-(22), and the RADMM (23) with β = 1 and δ = γ = 1.9 to Example 4.2, we obtain the following physical solution: 
The numerical results are reported in Table 1 . The numerical results are listed in Table 1 . 
A practical engineering application in vibrations
In this section, we discuss a practical engineering application in vibrations [6, 9, 10, 12, 17] . The vibration of a fixed-free string with n beads is considered. Figure 1 displays a fixed-free string with n = 4 beads. Here, suppose that there are n beads along the string, the left end of the string is clamped, and the right end of the string is attached to a massless ring, which slides on a frictionless vertical rod. We set the mass of the jth bead to be m j , the length between masses m j and m j+1 to be l j , the length between masses m 1 and the clamped support to be l 0 . The tension of the string is set to be a constant T . Then the motion of the n beads is determined by
where y 0 = 0 and y n+1 = y n since the left end of the string is fixed and the right end is free. Then, (53) can be rewritten as the following matrix form:
where the state vector y(t) = (y 1 (t), y 2 (t), . . . , y n (t)) T , the mass matrix M = diag(m 1 , m 2 , . . . , m n ), and the stiffness matrix K is given by by l o j :=l j + r jlj , j = 0, 1 . . . , n − 1, where r j is a random number in [−0.1, 0.1] and the matrix C o has the form of (56) with m j =m j and l j = l o j . Let I s denote the index set corresponding to the entries of C whose values are equal to zeros. We choose the first p eigenvalues of C with largest absolute values and associated eigenvectors as prescribed eigendata.
We apply the proposed ADMM-based schemes to Examples 4.5-4.6, where = 10 −7 . The numerical results are listed in Tables 2-3, where Table 3 displays the computed masses and lengths for the beaded string. Table 2 shows that the proposed ADMM-based schemes works very well for Examples 4.5-4.6. We also observe from Table 3 that, as expected, the desired masses are recovered when p = 2. 
Comparison with an interior-point approach
To further illustrate the efficiency of the proposed ADMM-based schemes, we compare our methods numerically with the interior point algorithm in [29] for solving the NIEP. To use the package SDPT3 [29] , we can reformulate the NIEP (1) as a standard form as follows:
Similarly, the SNIEP (15), the NIEP with lower bounds (24) , the SNIEP with lower bounds (32), the NIEP with prescribed entries (39), and the SNIEP with prescribed entries (46) can be rewritten as the standard forms, which can be solved by using the package SDPT3.
Example 4.7 We consider the NIEP with varying n and p. Let C be a random n×n nonnegative matrix with each entry generated from the uniform distribution on the interval [0, 10]. Then we define
where r ij is a random number in [−0.1, 0.1]. We choose the first p eigenvalues of C with largest moduli and associated eigenvectors as prescribed eigendata.
Example 4.8 We focus on the NIEP with prescribed entries for different n and p. Let C be a random n × n nonnegative matrix with each entry generated from the uniform distribution on the interval [0, 10]. Define
where r ij is a random number in [−0.1, 0.1] and I is the index set corresponding to the entries of C whose values are equal to or greater than 8.5. We choose the first p eigenvalues of C with largest moduli and associated eigenvectors as prescribed eigendata. Example 4.9 We focus on the SNIEP with various n and p. Let C be a random n×n symmetric nonnegative matrix with each entry generated from the uniform distribution on the interval
where r ij = r ji is a random number in [−0.1, 0.1]. We choose the first p eigenvalues of C with largest absolute values and associated eigenvectors as prescribed eigendata.
Example 4.10 We focus on the SNIEP with prescribed entries for different n and p. Let C be a random n × n symmetric nonnegative matrix with each entry generated from the uniform distribution on the interval [0, 10]. Define
where r ij = r ji is a random number in [−0.1, 0.1] and I s is the index set corresponding to the entries of C whose values are equal to or greater than 8.5. We choose the first p eigenvalues of C with largest absolute values and associated eigenvectors as prescribed eigendata.
For simplicity, we set = 10 −7 . For the interior point algorithm in [29] , we use the default tolerance. We report the numerical results for Examples 4.7-4.10 in Tables 4-7 , where CT. denotes the total computing time (in seconds). Here, LS failed means that the step-length is too short to proceed during the computation.
We see from Tables 4-7 that the proposed ADMM-based schemes are more effective than the interior point algorithm in [29] for solving the NIEP. 
The large-scale problem
In this section, we give some numerical experiments to show the efficiency of the proposed ADMM-based schemes for solving the large-scale NIEP. For demonstration purpose, in Tables  8-11 , we report the numerical results for Examples 4.7-4.10 with different n and p. Tables 8-11 show that the proposed algorithms are very efficient for solving the large-scale NIEP. We also observe that the proposed algorithms converge to the desired accuracy with only a small number of iterations. Finally, we see that the number of iterations is independent of the problem parameters n and p and thus the proposed algorithms are very robust. 
